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Abstract 

There are good indications that fundamental physics gives rise to a modified space- 
momentum uncertainty relation that implies the existence of a minimum length 
scale. We implement this idea in the scalar field theory that describes density 
perturbations in flat Robertson- Walker space-time. This leads to a non-linear time- 
dependent dispersion relation that encodes the effects of Planck scale physics in 
the inflationary epoch. Unruh type dispersion relations naturally emerge in this 
approach, while unbounded ones are excluded by the minimum length principle. 
We also find red-shift induced modifications of the field theory, due to the reduction 
of degrees of freedom at high energies, that tend to dampen the fluctuations at 
trans-Planckian momenta. In the specific example considered, this feature helps 
determine the initial state of the fluctuations, leading to a flat power spectrum. 

1 Introduction 

According to the inflationary scenario PP,[21,IS1 in the past the universe has undergone a 
period of rapid expansion during which minute quantum fluctuations have been magnified 
to cosmic sizes. This gives rise to the inhomogeneities that are observed today, in the form 
of anisotropies in the cosmic microwave background radiation (CMBR) and large scale 
structures, superimposed on a homogeneous and isotropic background. To describe the 
primordial quantum fluctuations, it has so far sufficed to use a prototype free scalar field 
theory with a linear dispersion relation in the expanding background The prototype 
scalar field describes the tensor and scalar metric (or infiaton) fiuctuations. The success 
of the infiationary scenario rests on its ability to explain not only the homogeneity of the 
background, but also the characteristics of the inhomogeneities superimposed upon it. 

However, as pointed out in [5], in many versions of infiation, most notably chaotic 
infiation, the period of infiation lasts for so long that the co-moving scales of cosmological 
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interest today correspond to quantum fluctuations at the beginning of inflation with phys- 
ical wavenumbers larger than the Planck mass, or equivalently, with physical wavelengths 
smaller than the Planck length. It is clear that for such fluctuations the effects of Planck 
scale physics cannot be ignored and the use of a field theory with a linear dispersion 
relation is not fully justified. This has been referred to as the trans-Planckian problem 
of inflation. It opens up the interesting possibility of searching for the imprints of Planck 
scale physics in the large scale structure of the universe. 

Of late, it has been customary to assume that the effects of Planck scale physics can 
be incorporated in the theory of cosmological perturbations by using a time dependent 
non-linear dispersion relation in the free field theory. In the absence of a first principle 
approach, in practice these dispersion relations are chosen in an ad hoc manner. In the 
context of cosmology, the study of the consequences of such modifications was taken 
up in |n!,[Z!- The modifications introduced were inspired by earlier work in the context 
of Hawking radiation [11,0 • Subsequently, various aspects of this issue were further 
investigated in [12] - [22! ■ 

A direct derivation of the trans-Planckian effects from a fundamental theory, e.g., 
string theory is not yet possible. However, Planck scale physics does seem to have a robust 
characteristic feature, which is the existence of a minimum length scale. For a review, see 
[28] . In particular, in perturbative string theory, this feature has been known for some time 
[21],[2S1- There, the existence of a minimum length uncertainty is essentially due to the 
fact that as one increases the energy of a string probe beyond the Planck mass, the string 
can get excited and develop a non-zero extension [2E] • The existence of a minimum length 
uncertainty can be related to a modification of the standard space-momentum canonical 
commutation relations. For an implementation of this idea, see [2ZI,[2H]- Thus, one way 
of incorporating Planck scale physics in a field theory is to reformulate the theory such 
that it is consistent with the minimum length uncertainty relation. This is the strategy 
that we will follow in this paper. Earlier an attempt in this direction was made in ^j, 
followed by further analysis in [Sni;[3I]- This resulted in a rather complicated theory 
which cannot easily be compared with other models and in which the identification of 
physical variables is not straightforward. In this paper, we follow a different approach to 
implement the minimum length uncertainty principle in a field theory in the expanding 
universe. This results in a theory with a transparent physical content. It has a non- linear 
time-dependent dispersion relation which is no longer arbitrary, but is determined by 
the modified commutation relations. We show that this naturally leads to Unruh type 
dispersion relations. Besides this, the theory contains a trans-Planckian damping term due 
to the reduction of the degrees of freedom at high momenta. This tends to suppress the 
fluctuations at momenta sufficiently above the Planck scale, although the actual amount 
of damping depends on the form of the dispersion relation. It is interesting to note that 
there are independent arguments for trans-Planckian damping due to quantum gravity 
effects [S21,[S3- 

The paper is organized as follows: In section 2 we describe a class of modified x, p com- 
mutation relations that lead to a minimum length uncertainty principle in flat space-time. 
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Then we construct a free scalar field theory based on this and interpret the modification in 
terms of higher derivative corrections. We also discuss the modified relation between wave- 
length and wavenumber. In section 3, we generalize the notion of modified commutators 
and the associated minimum length uncertainty to the fiat Robert son- Walker space-time. 
In section 4, we apply this to a scalar field theory in fiat Robertson- Walker space-time 
and obtain its modified equation of motion. We discuss the resulting non-linear and 
time-dependent dispersion relations which are now constrained by the minimum length 
principle. The time evolution of wavelengths is also discussed. In section 5, we ana- 
lyze a new feature of the modified field theory which tends to dampen the fluctuations 
at trans-Planckian energies. For the dispersion relation used there, this feature allows 
us to determine the initial state, and leads to a scale invariant power spectrum for the 
fluctuations. The issue of back reaction is also discussed and the exact solution in the 
trans-Planckian region is presented. In subsection 5.3, we discuss the issue of the initial 
state dependence of the power spectrum and argue that the main criterion is whether the 
effective frequency at the initial time is real or imaginary. This is related to, but not the 
same as, the violation of adiabaticity during time evolution. Throughout this paper we 
assume de Sitter inflation so that the Hubble parameter is constant. 

2 The minimum length uncertainty principle 

Conventional quantum mechanics allows us to use trans-Planckian momenta to probe dis- 
tances shorter than a Planck length, ignoring the issue of gravitational stability of matter. 
The problem can be avoided if one assumes that nature admits a description, at least in 
an effective sense, in terms of a theory with a minimum length scale. Such a minimum 
length scale follows from (or results in) a modified uncertainty relation. There are indi- 
cations that fundamental physics j^S], e.g., string theory effects Pl] , , EE] effectively 
modify the usual space-momentum uncertainty relation to 



This implies the existence of a lower bound on space uncertainty {Ax)min ~ h- The 
scale Is is a minimum length that we take as the Planck length, although it could also 
be some other related scale. Our goal in this paper is to explore the implications of such 
a minimum length uncertainty principle for the physics of the early inflationary period. 
Before dealing with the expanding universe in section 3, we describe the case of flat 
space-time in this section. The aim is to write down a field theory based on the modified 
uncertainty ((H). This theory is expected to have the correct structure to describe Planck 
scale phenomena. As such, the mathematics of the problem does not suggest a unique 
way of incorporating ^ in field theory and one has to specify a prescription for doing so. 
One such prescription is used in some of the earlier work on the subject |2Z!,|2S1- Here, 
we will follow a different prescription which is suggested by, and is self-consistent with, 
the physics of the problem. 
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2.1 The dynamical nature of the modification 

In ordinary quantum mechanics, the Heisenberg uncertainty principle AxAp > | is a 
consequence of the commutation relation [x* , p-'] = i6^^. This is purely kinematic and is 
independent of the dynamics of the theory. The derivation of the uncertainty principle 
involves the construction of the space of states on which the operators x* and p-' act. 

It is also possible to obtain the minimum length uncertainty principle from a modified 
[x* , p-^] commutation relation. In fact, in the next section we will use such a modified 
commutator, following [2Z1,|2H]; which leads to (0) in a low-energy expansion. However, 
a subtlety arises in this case. The space of states on which the operators x* and p-' (now 
satisfying the modified commutators) act could have an involved structure, rendering the 
necessary manipulations difficult. Such representations were constructed in [27j,[2H] to 
which the reader can refer for details. Fortunately, as we argue below, unlike in ordinary 
quantum mechanics, now the actual details of the representation are not relevant. 

The appearance of the scale Is in indicates that the modification to the standard 
Heisenberg uncertainty principle is dynamical in nature. In other words, if we have a fun- 
damental theory capable of describing physics at the Planck scale, then the modification 
arises as a consequence of the dynamics and of the particular structure of the fundamen- 
tal theory; without ever having to invoke modified x^p-' commutators ^. Thus, although 
one may invent x^p-' commutators that result in (^, in practice, the modifications arise 
totally independent of the existence of such commutators and hence, of the structure of 
the function spaces on which they are realized. 

Suppose we could derive an effective field theory description of some high-energy 
process from our fundamental theory, for example, by summing up, to all orders, the 
relevant terms of a perturbative expansion in powers of energy. Such an effective field 
theory would automatically incorporate the minimum length feature of (Q) in its structure. 
Unfortunately, at present we do not know how to carry out such a computation in practice, 
especially in the case of interest which is a field theory in an expanding universe. Now 
the notion of a modified commutator comes handy. Instead of adding the high-energy 
corrections that encode (PJ) to the low-energy effective field theory, we regard them as 
getting absorbed in a modification of the x*, commutators. This will leave the apparent 
structure of the field theory unchanged while modifying the relation between coordinates 
and momenta. Whatever the details, this should finally result in modified commutators 
consistent with the minimum length principle. We then transcribe this effect back from the 
commutators to the field theory, enabling us to surmise its high-energy modification. It is 
evident that in this approach the modified commutator has no fundamental significance. 
It is only used as a trick to guess the form of the high-energy corrections to a field theory 
consistent with the minimal length principle. This procedure is implemented explicitly in 
sections 2.3 and 4.1. 

^For example, this is how is inferred in [23], from the behaviour of the string scattering 
cross-sections at high energies. The string theory itself is based on standard commutators. 
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2.2 Modified commutation relations in fiat space 

The uncertainty relation (0) can also be obtained from modified x*, p-' commutators. Here 
we consider a general class of modified commutation relations, consistent with rotational 
invariance, that lead to a minimum length uncertainty^ |27j.|28j. 

[x^ , p^] = 1 5^V(P) + ^ g{v) V'^ , [x" , x^] = , [p\ p^] = . (2) 

The information about the modification is entirely contained in the function f{p). The 
term with g{p) is required by the Jacobi identities and is fully determined in terms of 
/(p). The obvious restriction on f{p) is that for small enough p it should reduce to 1, 
leading back to the standard commutators. It is understood that p is measured in units 
of some high-energy scale, say, the Planck mass, 

To elucidate the implications of the modified commutator, we exploit a useful con- 
struction introduced in [2H1: Introduce auxiliary variables p* such that on functions 

xV(p) = ^A0(p). (3) 
The p* are given in terms of the momenta as. 

Now, using a formal power series expansion for f{p), it is easy to verify that (0) and 
are equivalent. Further, let us assume that f{p) is such that as p varies from to cxd, 
p stays bounded between and some maximum value Pmax- Here, p and p denote the 
magnitudes of and p\ respectively. 

One can now understand the essential consequence of (j21) using a simple representation 
(one corresponding to a particle of momentum "x" in a rigid box of size "2pmax"), without 
getting into the details of the construction of the more complicated function spaces. 
Equation (jH)) implies the commutator 

[x^p^■]=^5^^ (5) 

and hence, the associated uncertainty relation Ax* > l/(2Ap*). Since we assume p to be 
bounded by pmax, the maximum uncertainty in p* is 2pmax- Thus, there is an associated 
minimum length uncertainty, 

{Ax)min • (6) 

Pmax 

This is required to be of order one, in units of the Ig appearing in (^. The conditions on 
f{p) are summarized below: 

• As p ^ 0, f{p) 1 and p ^ p . 



^Throughout this paper, bold- face letters x*,p*,p%- • • denote quantum mechanical operators corre- 
sponding to a;*,p% p\ • • •. Symbols p, p, - ■ ■ denote the magnitudes of vectors p\ p\ etc. 
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• p = p/f{p) is bounded by 1 in units of 1^ ^, which we take to be the Planck mass. 

• The most natural functions / satisfying the last condition are those for which p 
increases monotonically with p, approaching its maximum value Pmax as p oo. 
An example is 



We close this subsection with two comments. In formulating a theory based on the 
modified commutator, it may be tempting to speculate on identifying p as the physical 
momentum with a cut-off, as in [221 ■ However, a momentum cut-off is not natural from 
the point of view of fundamental physics. For example, in string theory loop diagrams are 
naturally regulated as a consequence of modular invariance, and not by a momentum cut- 
off. Moreover, if the modified commutator Q is obtained by analyzing physical processes 
in some fundamental theory, say, through a calculation leading to equation below, 
then p will manifestly correspond to the physical momentum. 

Furthermore, as in ordinary quantum mechanics, one faces ordering ambiguities when 
dealing with products of and pP . Now, the problem is more severe since the ambiguity 
is itself p-dependent. It is therefore safest to avoid coordinate systems in which the 
Lagrangian involves such products. 

2.3 Scalar fields in flat space with modified commutators 

A field theory based on the modified commutation relation will contain new effects 
that become relevant at large momenta. As explained in subsection 2.1, this is expected to 
reproduce an effective field theory that provides a description of high energy interactions 
in a fundamental theory. In this subsection we will consider the implications for the scalar 
field propagator in fiat space-time. In particular we will discuss two effects that will be 
relevant to the trans-Planckian problem of inflationary cosmology, i) the modification of 
dispersion relation and the associated minimum bound on the wavelengths, and ii) the 
increase in phase space volume occupied by a quantum state at high momenta. The 
generalization to field theory in the Robertson- Walker universe will be considered in the 
coming sections. 

Consider a massless scalar field (j){t, x) with the standard action S, and equation of 
motion (ignoring interaction terms). 



The justification for choosing this as the starting point was given in subsection 2.1: Imag- 
ine that the field theory is derived from some fundamental theory. Then, for low-energy 
processes one obtains (jH)) along with interaction terms not considered here. To describe 
very high energy processes, the field theory is expected to get modified such that its 
dynamics leads to the minimum length uncertainty (^J. Since such modifications have 
not yet been derived from first principle, we assume, alternatively, that the high energy 




(7) 
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corrections coming from the fundamental theory can also be accommodated by modifying 
the ordinary x.^,p' commutators to the form keeping the action unchanged. In this 
case, the action preserves its low-energy form (jH)), although now the relation between 
"coordinate" and "momentum" has changed and they are no longer conjugate variables, 
i.e., —id/dx does not represent p. 

In fact, the discussion in the previous subsection shows that the coordinates are 
now conjugate to the variables pi. Thus, we interpret the symbol "9/9a;*" in (jH)) simply 
as a representation of ipi on the appropriate functions irrespective of the details of 
the construction (for a discussion of the representations see j2Zll2H])- In this sense, the 
commutation relation (jSj) allows us to make a Fourier transformation to a variable p) 
through x) = iV J^™"" d^p(f){t,p)e''^'P\ where N is a normalization constant. Then, 
the free massless equation of motion becomes 



where, p has been expressed in terms of p using We have used the same notation (p 
for the field as a function of both p and p; the difference should be clear from the context. 

To further clarify the origin of the modification, let us introduce new variables x* such 
that their commutators with p* have the standard form. 



In the x-representation, pi = —id/dx\ Then, in terms of ct the modified equation of 
motion is equivalent to the higher- derivative equation. 



The new variables are identified as the ordinary space coordinates. 

One may take the approach that Q is the basic equation that emerges in the effective 
field theory limit of some fundamental theory in a momentum-space computation, in 
the spirit of |34j. This could then be given a space-time representation either in terms 
of the two-derivative field equation (jH} with modified commutators, or in terms of the 
infinite-derivative field equation (fTT|l with the standard commutators. In this sense, the 
use of the modified commutators enables us to express the higher derivative corrections 
to the lowest order equation of motion in a closed form, consistent with the notion of 
a minimal length scale. The closed form of the expression is crucial since a truncated 
power series expansion is not a good approximation at large momenta. In the string 
theory context, this is analogous to summing up the a' corrections to all orders (albeit 
for the issue of Lorentz invariance on which we will comment below). To summarize, 
at low energies one may start with (jH} and the standard commutation relations. Then 
high energy corrections, assuming that they are summable, will convert this to equation 
keeping the commutators unchanged. Alternatively, one may incorporate the effect 




(9) 



(10) 



d^ + p\-id,) 4>{t,x) = o. 



(11) 
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of high energy corrections into the commutation relation keeping the form of the action 
unchanged. 

The interpretation of (jHI) as the basic equation will turn out to be particularly useful 
when we consider the Robert son- Walker space-time later. Then the analogue of this 
equation is still well defined even though it no longer has a space-time representation 
analogous to equation (jH)). 

As indicated above, Lorentz invariance is broken by the modified commutator. As a 
result, the time evolution of the solutions is still determined by a second order equation, 
in spite of the higher space derivatives. For comments on the possibility of a dynamical 
breakdown of Lorentz invariance near the Planck scale, see jHSI- One may also circumvent 
the issue of Lorentz invariance and regard the flat space field theory of this section only 
as a toy example employed to illustrate the ideas. Our aim is to finally use the modified 
commutators in Robert son- Walker space-times, where Lorentz invariance is anyway bro- 
ken by the background. For a related setup, where a time-dependent background leads 
to a modified dispersion relation, see jHE] • 

Independently of its relevance to cosmology, equation (jH)) defines an interesting field 
theory in its own right. The built-in minimum length uncertainty in the field theory may 
also render it more finite as can be inferred from the finite range of p-integration, although 
the physical momentum remains unbounded. 

Equation Q contains the non-linear dispersion relation uj = p[p) which is fully deter- 
mined by the function f[p) and satisfies the restrictions discussed above. For example, 
for the choice (jZj) one gets the Unruh dispersion relation which has been used to mimic 
the effects of trans-Planckian physics in the contexts of Hawking radiation [Sj and in in- 
flationary cosmology P| . Let us now consider the minimum wavelength bound implied by 
the modified dispersion relation. From (jHJ and (0) it is obvious that the plane wave in 
the theory with the modified commutator is given by e*'^*+*''»^\ This has a wavelength, 

A = ^ = 2.M. (12) 
P P 

Since p is bounded by l/h, the wavelength of a fluctuation is never smaller than the Planck 
length regardless of how high the value of its momentum may be. Also, the energy uj = p 
is always bounded by the Planck mass. 

When the Fourier transform is implemented in the action S, then the change of variable 
from p to p also induces a Jacobian which can be computed as J = d{p^)/d{p^), 

S = ^Jdtd'p J{p) (^dt4>* dt4> - p\p) 4>* 4>) ■ (13) 

In fiat space-time, the Jacobian does not affect the equation of motion for (f){t,p). How- 
ever, since / d^p J{p) /Ti? corresponds to a sum over momentum states (where h has been 
reinstated), it indicates that now a momentum mode p occupies phase space volume 
~ h? / J as opposed to ~ of ordinary quantum mechanics. For a p{p) consistent with 
the minimum length uncertainty, J decreases for large p and hence the phase space volume 
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occupied by a momentum mode p increases. Equivalently, the total number of degrees of 
freedom at high energies decreases. This is consistent with the resuhs of jHZl which finds 
a similar behaviour for the degrees of freedom in string theory at high temperatures. This 
further supports our prescription for incorporating the modified commutation relations 
in field theory. As we will see later, in an expanding universe, the Jacobian affects the 
equation of motion in a non-trivial way and has some interesting consequences. 

The modification of the dispersion relation and the associated bound on the wave- 
length, makes the modified commutator theory very appealing from the point of view of 
the trans-Planckian problem in inflationary cosmology. In this latter context, modified 
dispersion relations similar to © have been proposed [ni,[ZI, [IIIl-[IlI,[in], albeit in an 
ad hoc manner (except for |[16j, and in a related context [SH]), to encode the effects of 
trans-Planckian physics on the dynamics of scalar fields. Furthermore, the form of (|T2|l 
may be taken to indicate that wavelengths corresponding to the present day scales and 
CMBR anisotropics, when blue-shifted backward in time to the beginning of the inflation- 
ary period, will never attain sub-Planckian lengths, regardless of how long the inflation 
may last. As we will see, these features carry over to the case of inflationary universe, 
although the time dependence of the physical momenta, due to the red-shift, introduces 
some subtleties as well as new effects. 

3 The modified commutator in fiat RW space-time 

To apply the modified commutator to the early universe, it should first be generalized to 
the flat Robertson- Walker (RW) space-time. This generalization will be carried out in the 
present section. The underlying assumption, of course, is that a geometric description of 
the space-time still remains valid, at least in some approximation. This is reasonable since 
the effects of the modified commutator will be perceived by the high-energy fluctuations 
and not by the slowly varying background fields. 

We recall the flat RW metric in the conformal frame, 

ds^ = a\r]) {-drf + dy'dy^^j) . (14) 

Here, t] is the conformal time and j/* are comoving coordinates. Physical distances at time 
7] are simply given by 0(77) y^. Let us denote the comoving momentum (wave number) 
conjugate to ?/* by fcj. Then, the physical momentum undergoes a red-shift with time 
and, in the metric above, is given by ki/a{r]). The minimum length uncertainty should 
be time independent and apply to the physical lengths. At the same time, the modified 
commutator should be consistent with the residual symmetries of the metric ()14j) . in terms 
of comoving coordinates. 

Only a subset of general coordinate transformations keep the form of the RW metric 
in comoving coordinates unchanged. Besides rigid spatial rotations and translations, 
which are in common with flat space, this subset also contains constant rescalings of the 
coordinates that amount to rescaling a, keeping the form of the metric unchanged. Then, 
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the analogue of the modified commutator Q in the fiat RW space, consistent with the 
residual covariance of the metric g^,y in the comoving coordinates, is 

[y^k^■]=^g^^7(k) + ^^7(k)k^k^ (15) 

where, = g^^kj = a~'^5^^kj. This should not lead to a fixed minimum length uncertainty 
in the comoving coordinates which would result in a rather large uncertainty in the 
proper distance ay'' at the present epoch. It is easy to see that it is actually the physical 
distance that has a fixed minimum uncertainty: In order to compare with the fiat space 
case, let us introduce rij = fcj, = 5*%^ = a^/c*, so that k'^ = v? /a?. In terms of this, the 
commutation relation takes the form 

n-' n n n* n-' 

[ay\-]=i5^^ f{-)+ig{-)--. (16) 
a a a a a 

This has the same structure as (j21) and hence implies a minimum position uncertainty in 
the physical or proper distance ay* as desired, with /a as the physical momentum. More 
precisely, in analogy with the fiat space case, one can introduce the "physical" auxiliary 
variables pi as well as "comoving" ones, given by 



rii/a 



pi = a Pi. (17) 



f{n/a) ' 

The commutator (fTT)|) now becomes 

[ay\ p^]=tS'^ (18) 

This leads to a minimum length in ay* as {aAy)min ~ PmL- Since p is a function of a 
single variable, this value is 77- independent. In terms of the "comoving" version of the 
auxiliary variable pi = api, the commutator is [y* , pj] = iSy Note that unlike the fiat 
space case of the previous section, now / and pi have become time dependent through the 
red-shift of the physical momentum. However, they still satisfy the restrictions described 
below equation 



4 Trans-Planckian effects in the inflationary era 

Of late, it has been customary to assume that the effects of fundamental physics at 
Planckian energies can be effectively incorporated in field theory by modifying the free 
field dispersion relation in some appropriate way 0-1211 • practice, in the absence 
of a first principle approach, one ends up choosing the modified dispersion relations in 
an ad hoc manner. This approach has been used to investigate the possible effects of 
the Planck scale physics on the CMBR spectrum during the early inflationary epoch. 
In this section we attempt to achieve a more fundamental understanding of this issue 
based on the modifled uncertainty principle in RW universe. It will be shown that the 
time-dependent non-linear dispersion relation emerges in a natural way and its form is 
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determined by the modified commutator. There is also a further modification associated 
with the reduction in the number of high energy degrees of freedom. This could dominate 
at very high momenta with the effect of dampening the fluctuations. This new feature 
will be investigated in detail in section 5. 



4.1 Fields in flat RW space with modifled commutators 

We will now consider the implications of the modified commutation relations for scalar 
field theory in fiat Robertson- Walker space-time. The resulting theory includes the effects 
of Planck scale physics in an inflationary universe. The momentum red-shift associated 
with the rapid expansion induces new effects beyond those considered in section 2. Let 
us start with the standard massless scalar field theory in Robertson- Walker space-time, 

S = -l J d''x^g^^d^(l)d,(l) = ]^j d7]d'ya'{dr,(t>dr,(t>~Y.^y.(l)dy.(t). (19) 



Here, y is regarded as a variable conjugate to ap and not to the comoving momentum n. 
Of course, it is not obvious that such a simple looking space-time description could survive 
near the Planck scale (we will see indications that it does not). But in the absence of a 
better formalism, we choose this as our starting point, in analogy with the flat space case 
considered in section 2. The picture described there is still valid with some refinements 
to be discussed. 

Since y* and satisfy the standard commutation relation, we simply interpret the 
symbol ^^—idyi" in (fTU|) as the operator conjugate to Pj = ap^. In order to rewrite the 
action in the p-representation, consider the Fourier transform 

(P{v,y)=a' t d^p~^{ii,p)e'y'^P\ (20) 

which in the limit Ig 0, p n/a reduces to the standard expression in the absence of 
Planck scale effects. Then by the above interpretation. 



-t'%."(j){7],y) = a' / d'p<P{r],p)ap,e'y''P\ (21) 
Also, since p is a dummy integration variable. 



d^p ( dn(f) + 



i y^api + 3 



^6)e'^''''*. (22) 



The correct Is ^ 0, p ^ n/a limit of this is reproduced by the term outside the square 
brackets alone. In this sense, the two terms within the square brackets conspire to cancel 
in this limit. To see this, note that both terms in the square brackets are needed to 
assemble the right hand side as the 77-derivative of the right hand side of (j^Uj) . where the 
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limit can be easily taken. For example, if 3dria/a(f) is dropped, it will no longer be possible 
to recover the correct limit from ()22|) . 

To make sense of carrying out the Fourier transform in using the above expres- 
sions, we choose the simple representation in which y^a is discrete and interpret J d^y in 
dini) as denoting a sum (as argued earlier the final result is independent of the represen- 
tation used). Then at any given time r/. 



We can now use (j2(J|) - (j23p to write the action in the p-representation. Let us first ignore 
the terms within the square brackets in (j^21) (we will argue below that the action cannot 
contain contributions of this form). Then, after expressing p in terms of n from (|17|). the 
p-space action yields, 

S = - / d'n(fnJ{-)aHdr,(t)*d^(t)- ,, 0*0 . (24) 
2 J a \ J [n/a) / 

We use the same notation cf) for the field as a function of both p and n since the difference 
is clear form the context. Here, ii? = Yl'i=i '^i'^'^i J {n/a) is the Jacobian for the change 
of variables determined by (fTTj) , 

^W = 4I^. f« = -V (25) 



v"^ dv ^ V a 

The restrictions on p fix the asymptotic behaviour of J such that J ^ 1 for u -C 1, and 
J — > for large physical momentum v. The equation of motion following from ()24|1 is 



d', + a' p2(^) - ^-^1^-^ 1 xiv, n) = Q, (26) 

where xiVi^) = cb\/~J 0(^7, ''t-)- This is the generalization of equation © from fiat space- 
time to the RW space-time. 

Before proceeding further, let us get back to the terms within the square brackets in 
(j22|) that have been ignored. The first term in the square brackets will appear in ()24|1 and 
()26p as pidp^cf). It is not difficult to see that such expressions should not appear at all: We 
have been regarding our modified theory as an effective field theory description of high 
energy processes in some fundamental theory. An explicit derivation of the effective theory 
from the fundamental theory (if it could be carried out) would then involve momentum 
space computations, as is generically the case in such derivations (see jBlI for a related 
approach). For a spatially flat metric, such computations cannot lead to expressions 
containing momentum space derivatives, dp(j){p), which are required to produce the terms 
we have ignored. In the coordinate representation, such expressions would lead to space- 
dependent potentials which are not consistent with the homogeneity of the background 
and hence are ruled out by it. 



d'li^/ja) 
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If for the above reason we ignore the first term in the square brackets in (|22p but 
retain the second term, then our modified theory will not reduce to the standard theory 
of scalar fields in RW space-time in the limit Ig — > 0, when Planck scale effects disappear. 
This is evident from the discussion below (j^ . Since this is not desirable, we conclude 
that both terms within the square brackets in (j^^ should be ignored. 

To summarize, we have argued that scalar field theory in flat RW space-time, based 
on the modified commutators (fT3j) . or (fTB|) . is directly defined by and (j^Bj) . without 
the extra terms. This also was our preferred interpretation of the analogous equation 
in fiat space. However, while there the associated coordinate space equations could be 
written in the usual form (in terms of a coordinate conjugate to p), in the present example 
of an expanding universe this is not the case. Thus, the space-time action (fT^ is a useful 
starting point, although it is incomplete. 

There is a further conceptual difference between and ()2(ij) : The modified uncer- 
tainty relation in fiat space-time, which leads to can be regarded as the outcome of a 
string theory computation. As for (f^H|) . a similar statement could in principle be made, 
although in practice string theory in the expanding universe is still poorly understood. 
For a recent discussion of the difficulties see pi] . 

4.2 Time-dependent non-linear dispersion relations 

The standard equation of motion for a scalar field in RW metric corresponds to the small 
momentum limit of (j^U]) . where ap ~ n and J ~ 1. The effects of Planck scale physics, as 
encoded in the modified commutation relations, result in the modification of the dispersion 
relation and in the appearance of J in the equation of motion. The J dependence is a 
novel feature and its consequence will be investigated in the next section. Here we discuss 
the dispersion relation. 

In the equation of motion (j^ . the free field dispersion relation uj^J^yl = n/a, is modi- 
fied to a non-linear, time dependent one, 

— ^/^ 

This is a generalization of the modified dispersion relations considered in 0,111, [IHl-EIl- 

However, the modification is no longer ad hoc (as is also the case in jlHj), but is determined 
by the nature of the uncertainty principle (fT^ . through the function /. As described in 
subsection 2.2 (following equation ©), this function satisfies certain restrictions. In terms 
of ujpf^yg, the restrictions translate to the following: 

• The linear dispersion relation Uphys = n/a emerges at small physical momenta n/a. 

• ujphys > and Uphys is always real. 

• The quantity Wphys is bounded by Pmax which is fixed by the minimum length scale 
as l/ls- 
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Thus, while there is no cut-off on the physical momentum nj/a, there is always a cut- 
off on the effective frequency ojphys- These restrictions exclude some of the dispersion 
relations that have appeared in the literature as being inconsistent with the minimum 
length uncertainty. Some often used dispersion relations are depicted in Figure 1. 

The scalar field theory with the modified dispersion relation can now be second quan- 
tized in terms of xiVi^)-: the usual fashion. The modification of the commutation 
relation in the first quantized theory does not affect the field commutators of the second 
quantized theory. 

As stated in section 2, the most natural class of solutions to the restrictions on / 
consist of p increasing monotonically with n/a. This avoids the problem of associating 
multiple momenta with the same frequency. For example, the class of solutions in (|7j), 
lead to 

ujphys = tanh^/^ . (28) 

These correspond to the well known Unruh dispersion relations IE]- For these, equation 
fOUj) in the special case of J = 1, was analyzed in The conclusion was that this class of 
trans-Planckian modifications does not modify the spectrum of cosmological perturbations 
calculated with the hnear dispersion relation. The case of J 7^ 1 will be discussed in some 
detail in the next section. 

Another form of / appearing in the literature is [2H] 

2(nVa2) 



v/l + 4(nVa2 



f{nla) = ^=4=J=±^ . (29) 

One can numerically verify that the 
dispersion relation corresponding to 
this function has the same qualita- 
tive behaviour as the Unruh form 
(j2Hl)) with an appropriate value of 
7. In Figure 1, this curve is la- 
beled as "soft". Hence one can in- 
fer that for J = 1, it leaves the 
spectrum of cosmological perturba- 
tions unchanged (later we comment 
on J 7^ 1). This conclusion is at vari- 
ance with the result of j^H] (and the 
follow-up analysis in jSU], |SI]) which 
uses the same form of /, but imple- 
ments the modified commutator in a Figure 1: Dispersion relations 
different manner. 

Next, we consider the generalized Corley-Jacobson type of dispersion relations [Hljini! 

"'-Sfi + E^f^)'!- (30) 




9=1 
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Since p is not bounded, such dispersion relations cannot be associated with a modified 
uncertainty principle with a minimum length scale. However, one could regard these as 
low-momentum expansions of expressions that are bounded. Then p will remain bounded 
as long as the expansion is valid. Contrary to the previous two cases, the Corley-Jacobson 
dispersion relations need not be monotonic functions of n. For J = 1 the effect of these on 
the cosmological perturbation spectrum has been studied in [HljIZIjIin] - [IHliIHI where it 
was found that they could give rise to deviations from the predictions of linear dispersion 
relation when 6™ < 0. 

4.3 Modified red-shift and evolution of wavelengths 

As pointed out, for example, in |S],|E], in models where inflation lasts for a sufficiently 
long period of time, the CMBR anisotropics at the present epoch seem to have their 
origin in fluctuations whose wavelengths, in the beginning of inflation, were smaller than a 
Planck length. This assumes the validity of the standard red-shift formula for the physical 
wavelength, \hys = 27i a{ri) / n, down to the Planck length and beyond. One may try to 
understand, at least heuristically, the time evolution of wavelengths, based on the modifled 
commutators. As described in section 2.3, in flat space, the modifled commutators lead 
to a wavelength ()12|1 that cannot decrease below the Planck length. One may extrapolate 
the same result to the flat RW case, in an adiabatic approximation, simply by replacing 
the flat space momentum p by the physical momentum in the expanding universe, n/a, 

2tt a „,n^ , , 

X = — = 2n-f{-). 31 
p n a 

We take p to be a monotonically increas- 
ing function. At late times (large a), the 
function / tends to identity and one re- 
covers the usual red-shift formula. As 
we go backward in time (decreasing a), 
A tends to a constant 27r (in units of 
Is). Near a = 0, a small wavelength 
band corresponds to a large momentum 
interval. This behaviour is shown in 
Fig. 2 for an / associated with the Un- 
ruh dispersion relation (j^Hjl with 7 = 1. 
Thus equation 1)311) insures that at the 
end of the inflationary era one still flnds 
fluctuations of all possible wavelengths 
within the observable universe without 
requiring sub-Planckian wavelengths in 
the early epochs. This argument, al- 
though reasonable, still remains heuristic since a plane wave with the above wavelength 
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is not really a solution of the equation of motion due to the time dependence of a. 
However, since the theory has an inbuilt minimum length uncertainty, this picture does 
capture the qualitative behaviour of length scales associated with the fluctuations. 



5 Trans-Planckian damping and the initial state 

In this section we discuss the consequences of the appearance of J in the last term of 
equation ()26p. To put our results in context, we first briefly review the relevant features 
of the J = 1 case analyzed in [Hj. It is then argued that the presence of J can help us fix 
the initial state of the scalar field. 

5.1 Review of the J = 1 case 

When the dispersion relation is modified by hand, one misses the Jacobian J in the 
equations. This corresponds to J = 1 for which equation reduces to 



This is the equation that has so far been used to study the cosmological implications of 
modified dispersion relations. It was analyzed in detail by Martin and Brandenberger 
[H] for the Unruh and Corley-Jacobson type dispersion relations. Here we review some 
features of this model which are of interest to us. We assume de Sitter expansion for 



as its physical momentum, v = n/a, is blue-shifted. The momentum range can be divided 
into three regions according to the behaviour of the solution: 

• At late times, when v « H (region HI), the dispersion relation is linear and = v"^ 
can be neglected as compared to d^a/a. The relevant solution is Xm^b 

• When H « V « 1 (region II), the dispersion relation is still linear, but now d'^a/a 
can be neglected and one gets an oscillatory solution Xmb = e*"'^ + e"*"''. 
If the dispersion relation had not been modified, then region II would have extended 
beyond the Planck scale, u = 1, all the way up to the beginning of inflation. This is 
the standard scenario that consequently suffers from the trans-Planckian problem. 

• For non-linear dispersion relations, when f > 1 one enters region I. Then, for the 
Unruh dispersion relation, ~ 1. In the de Sitter phase, = {Ht])~'^ and the 
equation has an exact solution, Xms ~ C'{|]|?7|''i + C^^lvl^'^- The exponents are de- 
termined in terms of H, 5i 2 = |±|V9 — 4iJ~2, and contain imaginary components. 
Therefore, the solution in region I has an oscillatory nature. In the case of Corley- 
Jacobson dispersion with bm < 0, at early enough times, becomes negative and 
the solution is damped. 




(32) 



which d'^ 



a/a = 2H^a^. Let us follow a mode of comoving momentum n backward in time. 
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The power spectrum of scalar fluctuations is given by P = n3|Cr'^|V27r2. The coefficient 
Cn^^^ is determined in terms of Cf^\^ and Cf^2n matching the solution and its ffist 
derivative across the boundaries of regions III, II and I. The coefficients Cf^ 2n turn 
determined by the initial conditions at some (arbitrary) time rji in region I, which extends 
to the beginning of the inflationary era. Depending on the dispersion relation, the power 
spectrum may or may not acquire a non-trivial dependence on the initial state in the form 
of a modified dependence on n. As such, there is no natural choice for the initial state 
and, for oscillatory solutions, the best one can do is to pick up the local vacuum state 
at time rji. This is based on the implicit assumption that the modes are created in their 
ground state and that nothing drastic happens from the beginning of inflation until time 
r]i. Below we consider a model based on the the equation of motion with J 7^ 1 where the 
initial state problem can be addressed. 



5.2 J 7^ 1 and trans-Planckian damping 

In this subsection we will study the equation of motion with the Jacobian factor J in- 
cluded. This factor takes into account the reduction in the number of degrees of freedom 
at high energies. As an explicit example, we will concentrate on the Unruh dispersion 
relation with 7 = 3, although the discussion can be generalized to other cases. The solu- 
tion is ffist discussed at a qualitative level. At the end we will comment on the dispersion 
relation based on which leads to a qualitatively different result. For convenience we 
reproduce the relevant equation, (jSEI), below. 



(^S +^totai)x{v,n) = 0, 



2 2 2 / \ 

^total = a p [v) 



a \fj 



(33) 



Here, v = n/ais the magnitude of the physical momentum and xiVi"^) is the canonically 
normalized field given by 

Xiv,n) = ay^ (t){r],n) . (34) 

The second term in uj^^^^i is 



9^(aA/j) 
a \/j 



V 

~2 



J 



dyJ 
J 



djja 



+ 



1-- ^ 
2 J 



(35) 



The behaviour of this term depends on the choice of the dispersion relation which deter- 
mines J through ()25|1 . During de Sitter expansion with Hubble parameter H one has 



(9^ a 



2 ^2 



(36) 



Therefore the J-dependent term is suppressed by the small number H^. 

For concreteness we will now consider the Unruh dispersion relation (j28j) for 7 
The variations of 



and a '^d'^{a ^/j)/(a y/j) with v are shown in Figure 3. We 



have taken H 



lo- 



in Planck units. Below the Planck scale, f < 1, (regions HI 
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and II) the modifications due to the modified uncertainty relation are absent. So we 
will concentrate on the trans-Planckian regime. As v increases above the Planck scale 
in region \ {1 < v < 32), soon approaches 1 and J (not shown in the figure) de- 
creases rapidly. However, the J-dependent term grows large in spite of the suppression 
by H^. At the boundary between regions I and 0, the two terms are equal and uJ^otai ~ ^■ 
Beyond this, we enter region where 
the J-dependent term dominates and 
^"totai < 0- Note that the appearance 
of imaginary frequencies in this model 
is not built by hand into the disper- 
sion relation. Rather, it is a conse- 
quence of the rapid expansion during 
which the presence of J and the red- 
shift of physical momenta induce the 
trans-Planckian damping term. In other 
words, in Planck scale processes at the 
present epoch, the frequencies are real 
and are given by > alone. In this 
sense, the appearance of imaginary fre- 
quencies is not an unphysical feature of 
the theory. In particular, one avoids the p^g^^^ 3. ^2 a^^d^^aj/aj {aj ^ a^J) for the 
multiple valuedness of momenta for a Unruh dispersion relation for 7 = 3, as a function 
given energy which is a feature of non- of momentum v 
monotonic dispersion relations consid- 
ered earlier in the literature ^ . Region is a new region that has not appeared in earlier 
models. 

Deep in region 0, we can ignore (? in (j33|) . The equation then has an obvious solution, 

xf^(r^,n)^av^cS)~ae-'''cS (37) 

where C^^"* is an n-dependent constant. This is similar to the solution in region III. But 
now the modes are frozen because, due to the presence of they perceive the universe 
as expanding much faster than it really does. The other solution is 

(V,n) = a^f^^^ - a e^' C^^ (38) 

Later it will be shown that the dependence on n is given by C[X = n-^/^C['^l Comparing 
with (jH^ one finds that 0^'' = and (pf^ = C^/J. The energy density in terms of 
the field is given by, 

e{v) dhr^^vJ (^{d^4>f + a^p^^^^ dh (39) 

■^To compare with the earher models, note that although we started with the Umuh dispersion relation, 
tototai is reminiscent of the Corley-Jacobson case with bm < 0. 
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As we go backward in time, the energy density for the first solution vanishes as J(= 1— p^), 
while the one corresponding to the second solution blows up as 1/J. Therefore, it is 
reasonable to impose = as a boundary condition. Thus, deep in the trans-Planckian 
region, the field xf^ starts from an extremely small value and increases with time as the 
momentum is red-shifted. At the boundary between regions and I, uJtotai turns real and 
the solution starts oscillating. Since x^^^ is real and has only one branch, x^^^ is also real 
and oscillates as a cosine function. The exact solution is given in subsection 5.4. Note 
that the damping effect of the J-dependent term has fixed the "initial state" in region I 
in terms of the solution in region 0. For the Unruh dispersion relation, this is no longer 
the adiabatic vacuum used in the literature. The issue of the initial state dependence will 
be discussed in more detail in the next subsection. 

The behavior of Utotai with v could change appreciably from the one depicted in Figure 
3 for other dispersion relations. For the Unruh dispersion relations ()28j) . the length of 
region I decreases with increasing 7. Another interesting case is the dispersion relation 
corresponding to (f^ . depicted as "soft" in Figure 1. In this case, the J dependent term 
in uJtotai always remains very small and as a result in region I, well above the Planck 
scale, ujf^^^i ^ ^ 1, and there will be no region 0. Thus, the problem is very similar to 
the case of Unruh dispersion relation analyzed in jB]. We recall that in the approach of 
)29j . a modified commutation relation based on (j29|) lead to a different and much more 
complicated equation of motion. 

5.3 The initial state 

At physical momenta below the Planck scale (region II), the effect of J disappears and the 
dispersion relation is linear, leading to the standard free wave solutions. The coefficients 
Cn^^ are determined by matching with the solution in the trans-Planckian regime. In 
region III, below the Hubble scale the modes freeze and the solution becomes x''^^^^ = 
Ci™^a. The power spectrum of fluctuations is finally given in terms of |Cn^^^p. If this 
goes as n~^, one ends up with the fiat spectrum. When the Hubble parameter is time 
dependent, the fiat spectrum receives corrections even in the absence of trans-Planckian 
modifications. Therefore, here we concentrate on the case of constant H to isolate the 
purely trans-Planckian effects. The possibility of deviations from the fiat spectrum due to 
the modified dispersion relation, and the choice of the initial state (boundary conditions), 
has been extensively discussed in the literature 0,111, [ID] - The initial state is 

defined in the adiabatic, i.e., lowest order WKB, approximation. A modification of the 
flat spectrum by the choice of the initial state is then associated with the breakdown of 
this lowest order WKB approximation. Here, we formulate the problem in terms of a 
(formally) exact WKB solution and argue that the initial state dependence is determined 
by whether the frequency at the initial time is real or imaginary. The result can then 
be understood in terms of the breakdown of the lowest order adiabatic approximation. 
However, the two criteria are not exactly equivalent in the sense that the violation of 
adiabaticity does not always lead to initial state dependence of the power spectrum. This 



19 



is not in contradiction with [TT] and ^3] since the initial state dependence there can be 
attributed to a time dependent Hubble parameter. In fact, their results show that for a 
constant Hubble parameter, the initial state dependence disappears while adiabaticity is 
still violated, which is further evidence for the assertion above. 

During de Sitter expansion, v = n/a = —nHr]. This can be used to write the equation 
of motion in terms of v, 

{dl+ul)x. = o, ^.^(^) = %^. (40) 

From equations (^Sjl and (jHBj) one can see that a;^ depends only on v and not on n and 
7] separately'^. The discussion below applies to general Uy and is not restricted to the 
situation depicted in Figure 3. The exact solutions of the above equation can be formally 
written in a WKB form |40j . 

where Wy is given by 

W^=ul + Qy{Wy), Q.{Wy) = U^-^^i^-^) . (42) 



2 V Wy 

This solution is formally exact, but in practice Wy is determined iteratively in terms 
of u>y{v) to some order of approximation. Near the classical turning points, where Uy 
changes sign, the integral is to be analytically continued to the complex f-plane to allow 
for well defined solutions. This procedure, which mixes the two branches labeled by ±, is 
equivalent to using matching conditions in the more familiar form of WKB |1T] . Clearly, 
the solutions Xv± are functions of v alone. Let us now turn to the solutions x±{Vy'^) of 
equation (jHSI)- These are also given by expressions analogous to the ones above, 

Y± = exp ( ±i f Wtotaidfi] (43) 

where, Wtotai = nHWy and Q total = nHQy. It is then evident that the exponential is the 
same in terms of v and rj. Therefore, the dependence of x on n, v and rji = —Vi/nH is of 
the form ^ 

X± {n, v,Vi) = —= Xv± {v,Vi). (44) 

Thus, for a given v, the extra dependence on n (beyond the l/^/n) could only come from 
the initial state at rji. In particular, matching the WKB solution in region I to the solution 
in region II at a fixed v = Vf does not introduce extra dependence on n. 

■^This will not be the case for a time dependent Hubble parameter. For example, for a = rj^io, the 
equation in terms of v becomes (A^w^9^ + A(A + l)vdv + 77^^+^^qP^(w) — F{v)) x = which explicitly 
depends on 77, besides v. 
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The initial state dependence of the power spectrum depends on whether WtotaiiVi) is 
real or imaginary^. When this quantity is real, one can pick up the positive frequency 
branch X- ^.s a generalization of the Minkowski vacuum. This is the standard way of 
choosing the initial state in such cases. Then the initial state dependence will only appear 
as a phase in x~ through the lower limit of the integral in This phase will carry 

over to Cn^^'' and will drop out of the final amplitude. The situation will not change 
if adiabaticity is violated during the evolution from rji to rjj, as long as WtotaiiVi) 
WtotaiiVf) s-^s real. This corresponds to Utotai having an even number of classical turning 
points in this range. 

However, if the initial state is chosen such that the solution also contains a small 
negative frequency component, then the initial state dependence does not disappear and 
the final amplitude will develop an oscillatory dependence on Vi or, equivalently, on n for 
fixed r]i. For an explicit realization of this, see [22] • 

When WtotaiiVi) is imaginary, the magnitudes, and not phases, of x± will depend on 
the initial state through the lower limit of the integral. This dependence will always carry 
over to region III and will show up in the power spectrum as long as rji is a finite time 
in the past. The Corley-Jacobson dispersion relation for 6^ < analyzed in jH] falls in 
this class. Note that since WtotaiiVf) is taken to be real, ujtotai will have an odd number 
of classical turning points between rji and rif and hence, adiabaticity is violated at least 
once during the evolution. 

In any case, one way of avoiding explicit dependence on rji (and the associated de- 
pendence on n) is to specify the initial state at r^j = — oo. For oscillatory solutions, 
{u'^lrji) > 0) this implies extrapolating the validity of the equation of motion to the very 
beginning of inflation, which is not a very reasonable assumption. This will simply shift 
the trans-Planckian problem to higher momenta. On the other hand, for strongly damped 
solutions [u'^irji) « 0) it is a natural choice. Since the solution is damped away rapidly 
with decreasing 77, it is enough to require the validity of the equation of motion up to a 
certain time rji, far enough in the past, but well after the beginning of inflation. Then 
as far as the solution is concerned, the initial state is effectively fixed at rji = —00. The 
equation of motion discussed in the last subsection admits solutions belonging to this 
class. The strategy can also be applied to the Corley-Jacobson dispersion relation with 
bm < 0- Another example is the model in although the damping there is not very 
strong. Both are based on non-monotonic dispersion relations. 

5.4 Solution in regions I and 

Let us now get back to our equation ()33|) . For the Unruh dispersion relation (j^Hj) with 

7 = 3, one gets J = 1 - p^ d^J/J = -Gv'^p^ and d^J/J = I8v\3p^ - 1) - 12t;p^ This 

^One often chooses the initial state in a region where Q total is small so that uJtotai is a good approxi- 
mation to Wtotai (adiabatic approximation). Then Wtotai is real when LOtotah or lj^, is real. 
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leads to the equation, 

(Sj + aV - [Qv\2p'^ - 1) + 2] a^if'jx = . (45) 

The last two terms are plotted in Figure 3. In regions I and 0, above the Planck scale, 
we can make the approximation p ^ 1 and also drop the 2 in the square brackets. Then, 
the equation in terms of f , reduces to 



dl + ^-^v']x. = ^. (46) 



This has exact solutions, ^Jvlu{v^) and ^/vKl,{v^)^ in terms of the modified Bessel's func- 
tions. The order u = \/l — 4if~^/6 is a large imaginary number. Using ()44|) . one gets 

^(0,1) ^r...[lK ^n^.flT ^,3^ 



X'"^'' = C,J-K,{v') + C2\ -Iu{v') . (47) 
V n V ^ 

Ci and C2 are constants that are to be fixed by the boundary conditions in region 0. To 
this end, let us consider the asymptotic behaviour of the modified Bessel functions as v 
goes to infinity. 



^.K)^^^e-'^, 4(^3)^y__g. ^ (as ^^00). (48) 

Comparing ()47|) with (jHTj) and ()38p in this limit, one can fix the normalizations Cf\^ = 
n~^/'^C[^l, as promised. As argued there, the growing solution gives rise to an energy 
density that diverges as v increases. Therefore, we impose C2 = as a boundary condi- 
tion. The surviving solution decays rapidly with increasing v. As argued in the previous 
subsection, this allows us to regard the initial state in the far past as effectively corre- 
sponding to r^j = —00. The absence of an explicit rji dependence insures the flatness of 
the power spectrum of the associated fluctuations. 

Thus in this scenario, in the beginning of inflation, the oscillations are very heavily 
damped by the Jacobian factor J and the field x is essentially zero. The expansion of 
the universe reduces J and the field starts growing in region 0. At the boundary of 
regions and I, Utotai turns positive and the solution starts oscillating in region I. It 
remains real and behaves as a cosine function with its amplitude decreasing with time. 
The sinusoidal nature of the solution can be directly inferred from the application of the 
WKB connection formulae at the turning point. The solution becomes less accurate as 
we approach region II and can be matched to x''^^^ = Ci^^e^"^^ + Cj^^^^e"*"'' and its first 
derivative at v = Vp = 1. The reality of the solution in region I implies that C^^* — ^2n ^ 
so that x^^^^ = \Cn^^\ cos{nri + (f). The amplitude and the phase ip are determined by the 
matching and their explicit expressions can be easily worked out in terms of K^{v^) and 
its derivatives. Finally, Cn^^^ is determined by matching across the boundary of regions 
II and III. Clearly, its dependence on n is given by n~^^'^, leading to a flat spectrum. 
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Note that in region the field started in a WKB ground state (albeit with an imaginary 
frequency). But in region I the solution behaves as a cosine function, and is no longer in 
a WKB ground state. Ignoring the issue of negative frequencies, this may be interpreted 
as particle creation caused by the breakdown of adiabaticity near the classical turning 
point, at the boundary between the two regions. One could argue, however, that the back 
reaction problem is avoided because the energy density (jnUj) for these modes is heavily 
suppressed by J. One may also note that the solution in region III belongs to the same 
branch as that in region and therefore is in ground state with respect to it. This may 
be taken to suggest that there is no net particle creation in region III, with respect to 
region 0. 

The appearance of imaginary frequencies in region is one of the features of models 
with an Unruh dispersion relation and a trans-Planckian damping factor. A consequence 
of this is the appearance of real fluctuations in regions I and II. In region II, for example, 
this leads to |Cj"^ p — 16*2^^^ P = as opposed to 1, which is the usual Wronskian condition. 
As pointed out in the literature, the quantum fleld theory of modes with imaginary 
frequencies is not well understood. For a discussion, however, see and |43j . 

In this section we have focused on the behaviour of equation with the dispersion 
relation ()28|) for 7 = 3. For other dispersion relations the behaviour could be drastically 
different. As an example, the case of the dispersion relation based on (j29|l was discussed 
at the end of subsection 5.2. 

6 Conclusions 

It is believed that fundamental physics at the Planck scale leads to a minimum length 
uncertainty principle. Such a principle can in turn be associated with a modifled space- 
momentum commutation relation^. We investigate a class of such commutators and show 
that the minimum length principle can be consistently incorporated into a fleld theory, 
both in flat space-time, as well as in the expanding universe. Planck scale physics modifles 
the linear dispersion relation to a non-linear one. Since the modiflcation of the dispersion 
relation is related to that of the commutators, it is constrained by the requirement of 
minimum length. Of late, modifled dispersion relations have been used in the literature 
to mimic the effects of trans-Planckian physics. However one can now see that not all of 
them are consistent with the minimum length principle. Our resulting fleld theory can also 
be understood as one in which higher-derivative corrections due to Planck scale physics 
have been summed up in a closed form. Another feature of this theory is the reduction 
in the number of degrees of freedom at high energies. It is interesting to investigate 
the quantization of such theories, especially when they are extended to include gravity, 
since they seem to be free of ultraviolet divergences. Also, the modifled commutator 
theory leads to a (dynamical) breakdown of Lorentz invariance due to the emergence of a 

^An alternative approach is based on space-time uncertainty relations [21 j EH j ESI 1 03 which is related 
to non-perturbative features of string theory. 
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minimum length scale, although the background we finally consider is itself not invariant. 
On Lorentz invariance at Planck scale, especially in the context of cosmology see, for 
example, 

In an expanding universe, the physical momenta undergo a red-shift which makes 
the non-linear dispersion relation time dependent. The red-shift also induces a trans- 
Planckian damping factor in the equation of motion. This is due to the reduction in the 
number of degrees of freedom at ultra high momenta. This factor tends to suppress the 
field fiuctuations at trans-Planckian momenta, although the actual effectiveness of the 
damping depends on the detailed form of the dispersion relation. The damping is strong 
in the example of the Unruh dispersion relation that we have considered, but can be 
insignificant in some other cases. The energy density of the fiuctuations is also strongly 
suppressed at large momenta by the trans-Planckian damping factor, thereby avoiding 
the problem of back reaction. 

The modified theory, which incorporates Planck scale physics, is then used to study 
the evolution of cosmological perturbations. It is shown that for de Sitter infiation it still 
leads to a fiat power spectrum for the fiuctuations. In principle, the non-linear form of 
the dispersion relation could complicate the choice of the initial state whose identification 
at some initial time rji introduces an extra scale dependence, affecting the spectral tilt. 
We have discussed this in some detail and argued that, for de Sitter infiation, the main 
criterion is the real or imaginary nature of the frequency at the initial time. However, 
when the oscillations are strongly damped in the far past, as is the case here, then one can 
effectively treat the initial time as rji = —oo, even though infiation is not really required 
to be eternal in the past. This avoids the extra scale dependence and keeps the spectrum 
fiat. 
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